CREPANT RESOLUTION CONJECTURE IN ALL GENERA FOR 
TYPE A SINGULARITIES 



JIAN ZHOU 

Abstract. We prove an all genera version of the Crepant Resolution Conjec- 
ture of Ruan and Bryan-Graber for type A surface singularities. We are based 
on a method that explicitly computes Hurwitz-Hodge integrals described in an 
earlier paper and some recent results by Liu-Xu for some intersection numbers 
on the Deligne-Mumford moduli spaces. We also generalize our results to some 
three-dimensional orbifolds. 



1. Introduction 

Let X be an orbifold with coarse moduli space X and let tt : F ^ X be a 
crepant resolution. Under the general principle often referred to as the McKay cor- 
respondence in the mathematical literature (suggested also by work in string theory 
literature on orbifolds, e.g. [T7]), it is expected that invariants of Y coincides with 
suitably defined orbifold invariants of X. See e.g. Reid [34] for an exposition of 
some examples of classical invariants, e.g. Euler numbers, cohmomology groups, 
K-theory and derived categories, etc. People are also interested in quantum invari- 
ants such as Gromov-Witten invariants and expect a quantum McKay correspon- 
dence. Gromov-Witten invariants of smooth varieties have been developed for quite 
some time. Orbifold Gromov-Witten invariants have been developed more recently 
for symplectic orbifolds by Chen-Ruan [M] and for Deligne-Mumford stacks by 
Abramovich-Graber-Vistoli [1]. Genus zero (orbifold) Gromov-Witten invariants 
can be used to define (orbifold) quantum cohomology. A long standing conjecture 
of Ruan [5S] states that the small orbifold quantum cohomology of X is related 
to the small quantum cohomology of Y after analytic continuation and suitable 
change of variables. This version of quantum McKay correspondence is referred 
to as the Crepant Resolution Conjecture (CRC). Recently, Bryan and Graber [8] 
conjectured the explicit formula for the change of variables in CRC for X = [V/G], 
where V = C"^ or C^, G C SU{2) or SO{3) is a finite subgroup (the binary poly- 
hedral group or the polyhedral group), and tt : Y ^ V/G is the canonical crepant 
resolution by G-Hilbert schemes G — Hilb(T/) (see e.g. [5J. In these cases, both 
the orbifold and its crepant resolution are noncompact, but both admit natural 
C*-actions, and one can define and work with equivariant Gromov-Witten and orb- 
ifold Gromov-Witten invariants respectively. By [5], there is a canonical basis for 
H^, (Y) indexed by i? S Irr(G'), irreducible representations of G; on the other hand, 
there is a canonical basis of H^, orb([^/G']) indexed by [g] g Conj(C?), conjugacy 
classes of G. Denote the corresponding cohomological variables by {yfl}ijGirr(G) and 
{^l9l}lsleConj(G) respectively. Let yo and Xq be the variables corresponding to the 
trivial representation and the trivial conjugacy classes respectively. The conjecture 
stated in [8] (attributed to Bryan and Gholampour) is 
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Conjecture 1. In the case of n : G — Hilb(y) — )■ V/G, where G is a polyhedral or 
binary polyhedral group, the Crepant Resolution Conjecture holds with the change 
of variables given by 

yo = Xq, 

^« " IGI ^ Vxvlg) -dimV Xfl(g)x[g] , 
' ' see 

/27ri dimi?\ 

where R runs over the nontrivial irreducible representations of G. 

By the classical McKay correspondence [3Tl[20l[5], the geometry of G — Hilb(y) 
gives rise to a Dynkin diagram of ADE type, and hence a simply-laced root system. 
Denote by ai, . . . , a„ the simple roots. For a positive root /? € i?"*", let /? = bkOik- 
Let UkOik be the largest root. Bryan-Gholampour ^ reformulate the above 
conjecture as follows: 

Conjecture 2. Let Fx{xi, . . . , Xn) denote the <C* -equivariant genus orbifold 
Gromov-Witten potential of the orbifold X ~ [C^/G], where we have set the unit 
parameter Xq equal to zero. Let R be the root system associated to G. Then 

(1) Fx{xi,...,xn) = 2t ^ h{Qp), 

f3eR+ 

where h(u) is a series with 



(2) h"\u) = --te.n{-) 

and 




where are the coefficient of (3 and are the coefficients of the largest root. 

It has been shown in that Conjecture 2 is equivalent to Conjecture 1 in binary 
polyhedral case plus an explicit formula for the Gromov-Witten potential function 
of G — Hilb(C^). There are a number of earlier results. Ruan's Crepant Resolution 
Conjecture was established for G = Z2 and Z3 by Perroni [33] . Conjecture 2 was 
proved for G = Z2 by Bryan-Graber [8], for Z3 by Bryan-Graber-Pandharipande 
[9], for Z4 by Bryan- Jiang [10]. The polyhedral version of Conjecture 2 was proved 
by Bryan-Gholampour [7] for G = A4 and Z2 x Z2. Conjecture 1 was proved for 
G of type A in a version due to Perroni [33] by Coates-Corti-Iritani-Tseng [15] by 
mirror symmetry from Givental formalism (see also the related work by Skarke |36| 
and Hosono [12]). 

Bryan and Graber [5] also conjectured the higher genera version of the Crepant 
Resolution Conjecture. See also the recent paper by Coates and Ruan [TB] from the 
point of view of Givental's formalism. Maulik [30] has computed the equivariant 
Gromov-Witten invariants in all genera of the minimal resolution of C^/G, G C 
SU{2). Therefore, to establish the CRC in all genera in the binary polyhedral case, 
a key step is to compute the equivariant orbifold Gromov-Witten invariants in all 
genera of [C^/G]. In this paper we will carry out the calculations of the stationary 
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part of the potential function for G = Z„. It is straightforward to see that our 
results match with that of MaulilQ. 
For fc > and 1 < a < n — 1, define 

2i ^ . h-K 

ya,k = — > Sm • ^„ Xb,kUb. 

n ^ — ' n 

6=1 

For fc > 0, 1 < s < t < 71 - 1, define 

t 

ys^t,k = ^ ya,k- 
a—s 

Our main result is: 

Theorem 1. Up to polynomial terms of degree < 3 in ya.k, the stationary potential 

function F^^ ^^"'(2^1, fc, • ■ • ,2:„_i_fc)fc>o (defined in ^2. 6\) of the equivariant orbifold 
Gromov-Witten invariants of [C'^/Zn] is equal to the coefficient of of 

00 / / fc ' 

d=l l<s<t<n-l ^ ^fc>0 ^ ' 

after analytic continuations, where ^„ = ^2ni/n ^ 

We prove this result by explicit computations of the relevant Hurwitz-Hodge 
integrals by the method described in an earlier paper [42j . The idea is to com- 
bine Tseng's GRR relations for Hurwitz-Hodge integrals with the results of Jarvis- 
Kimura [53] on ■i/J-integrals, as suggested by Tseng [JJ. This follows the strategy 
of Faber [18] in the case of ordinary Hodge integrals where he combined Mumford's 
GRR relations [32] with the results on ■(/'-integrals computed by Witten-Kontsevich 
theorem [38l [25] . Another key ingredient is the Hurwitz-Hodge version of Mum- 
ford's relations [32] as established by Bryan-Graber-Pandharipande [2- This is 
used to convert the relevant Hurwitz-Hodge integrals to a simple one which in- 
volves only one Chern character of the Hurwitz-Hodge bundles. For other work on 
Hurwitz-Hodge integrals, see e.g. [Tni[S||l[lll[ni[Tl[Tl[15. 

In our computation of the Hurwitz-Hodge integrals we encounter some intersec- 
tion numbers on the Deligne-Mumford moduli spaces (see ^12. 41 and ^2.5p . They 
can be computed using some recent results on the n-point functions of intersection 
numbers on M.g^n by Liu-Xu [28]. The formula in i j2.5l was first discovered and 
checked using Faber's Maple program [18]. In an earlier version of this paper, it 
was stated as a conjecture and was only proved in some low genera cases. The 
author thanks Professor Jim Bryan for encouraging him to find a proof. The rest of 
the proof of Theorem[l]is of combinatorial nature: We take a seven-fold summation 
to arrive at our final answer. 

An interesting byproduct is a relationship between Hurwitz-Hodge integrals with 
polylogarithm function. In the GRR relations of Mumford and Tseng, Bernoulli 
numbers and Bernoulli polynomials evaluated at rational numbers appear respec- 
tively. It is well-known that they are the values at negative integers of Ricmann 
and Hurwitz zeta functions respectively. In the Hurwitz-Hodge integrals case it 
turns out that we can rewrite the results in terms of polylogarithm functions. 



^ The author thanks Hsian-Hua Tseng for an email correspondence on January 25, 2008 which 
informed him this before Maulik's paper was posted on the arxiv. 
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For type D and E binary polyhedral groups, the simplifying trick used in this 
paper does not apply: We have to compute integrals against Chern classes, not just 
one Chern character. Nevertheless, the method described in f42' for computing 
Hurwitz-Hodge integrals can still be applied, but the combinatorics is much more 
complicated. We hope to address this in a future work. 

In this paper, we also consider the CRC for some 3D orbifolds. It is natural 
to consider the orbifolds of the form [C^/G] x C, where G C SU{2) is a finite 
subgroup. One can use some natural circle actions on these orbifolds to define and 
study their equivariant orbifold Gromov-Witten invariants by virtual localization 
|21j . We study the case of G = Z„ in this paper. In ^14. II we specify some circle 
actions on the orbifold [C^/Z„] x C used to define the potential function F^^ /z„]xC 
of equivariant orbifold Gromov-Witten invariant of this orbifold. 

Theorem 2. Up to polynomial terms in ui, . . . , m„_i, we have 



(4) ^[cV^„]xC(^.^^_._„_^)^y-_^ fer+V= 

after analytic continuation, where 



4--' 4sin^((iA) , , ^ , 

d>l ^ ' \<s<t<n—\ 



n '■ — ' V n 

k=l 



On the other hand, one can compute the Gromov-Witten invariants of C^/Z„ x C 
by locahzation using the method of [40], or use the theory of topological vertex 
[21 [26] . One can simplify the expreesions by the combinatorial techniques in [41] . 
Our result is (Theorem [ 



i< ^ ifl 4sin2(dA/2)' 

l<a<b<n—l a—1 ^ ' ^ 

Hence CRC in this case take the fohowing form (Theorem 14. 3p 

(6) F^CVW(^X; . . . , = F^-^^iX; Qi, . . . , Q„_i) 

after analytic continuation and change of variables 

We make the following 

Conjecture 3. For a finite subgroup G C SU(2), the Crepant Resolution Conjec- 
ture takes the following form: 

p[CVG]xC/x . /„ \ A pG-Hilb(C^)xC/x . rn \ ^ 

^ (A, = [A,{QRlR„ontrivial) 

after analytic continuation, where 

( 27r« dim R 
Qr = expl ^VR 

1 



' ' gee 

In a forthcoming work, we will study CRC for more general three-dimensional 
Calabi-Yau orbifolds. 
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2. Equivariant Gromov-Witten Invariant of [C^/Z„] 

In this section we define the equivariant Gromov-Witten invariants of [C^/Z„], 
and reduce their computations to intersection numbers on the Delgine-Mumford 
moduli spaces. 

2.1. Definition of tiie equivariant Gromov-Witten invariants of [C^/Z„]. 
Because [C'^/Zn] is noncompact, we define the Gromov-Witten invariants of [C^/Z„] 
by taking suitable torus action on [C^/Z„] and using the virtual localization \21\ . 
First of all, Z„ acts on by: 

where w is a generator of Z„, and ^„ = gSTri/n^ This action has the origin as the 
only fixed point, with normal bundle Vi®V^i, where V±i are the one-dimensional 
representations on which the generator w of Z„ acts by multiplication by 

Let C* act on by multiplications. The fixed locus of the induced action on 
the orbifold [C^/Z„] is a copy of SZ„, the classifying stack of Z„. For m > 1 and 
ai, . . . , Qm G {0, 1, . . . , n — 1} such that 

m 

(7) ^ai = (mod n), 

1=1 

denote by A^g,m([C^/Z„]; ]J™ ^|cj°']) the moduli space of twisted stable maps to 
the orbifold [C'^/Z„], with monodromy . . . , at the m marked points. 

Here [w*''] denotes the conjugacy class of w'^. See [1] for definitions and nota- 
tions. The C*-action on [C^/Z„] induces a natural C*-action on the moduli space 
7VJg_m([C^/Z„]; Its fixed point set can be identified with the mod- 

uli space A1g,m(SZ„; ]J™ Icj"']) of twisted stable maps to SZ„, with monodromy 
|ti;°i], . . . , fw"""] at the m marked points. Denote by ¥^.1 the vector bundle on the 
moduli space associated with the one-dimensional representations V±i. The fibers 
of F!ti at a twisted stable map f : C ^ Bin is {H^{C, C^)® V±i)^", where C 
is the admissible cover parameterized by /. 

Denote by p the number of a^'s which are equal to zero. It is not hard to see that 
when fli > for some i, i.e. p < m, one has F^j.^ — 0. Therefore, by the dimension 
formula in [42, Proposition 4.3], when p < m, 



(8) 



n rank(F}) =g-l + 



(9) fi := rank(Fii) = 5 - 1 + 

and so 



E"=l(^^ - a,)(l - Sg^fi) 



(10) n -f fi = 25 - 2 + m -p. 

In this case, we actually have m—p > 2, and so ri+fi > 0. If ri +fi = 0, then one 
has g = and m — p = 2. However, if all Ui — 0, i.e., p = m, then the situation is 
complicated. Note Mg,m{BZn; |1]™) has two components: A^^'^^ (;BZ„; |1]™) and 
M.g^ra ('SZ„; |1]™). A point in M.g „^{B'Ln] [iF") is represented by a disconnected 
etale Z„-cover C of a stable curve C in Mg^m, consisting of n disjoint copies of 
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C. It follows that ^{CjOfj) (g) V±i is isomorphic to W{C,Oc) (as a trivial Z„ 
representation) tensored with V±i and the regular representation of Z„, hence 

This means W^.-^ are just the puUback of the Hodge bundle by the structure forget- 
ting morphism: 

A7';:„'(ra„;[l]™)^>(,,„, 
and both Fj* and F° are isomorphic to the trivial line bundle. On the other 

conn 

hand, a point in Mg ^ {B'Ln, PI™) is represented by a connected etale Z„-cover 
C* of a stable curve C in Mg.m- It follows that H^{C,0^ ® V±i) is isomorphic to 
H'^{C,Oc) (as a trivial Z„ representation) tensored with V±i, hence 

(i/°((7,o^)®y±i)^" - v^fr = 0. 

This means both F} and F^j^ have rank 5 — 1 by the orbifold Riemann-Roch formula. 

Now F? + F° 1 -F} -F^i is the virtual normal bundle of ATg,™(ra„; U™ Jw"']) 
in A^g,m([C^/Zn]; ifw"']). The torus C* acts on vector bundles F'j.i, and their 
equivariant top Chern classes are given by their Chern polynomials. Therefore, 
using virtual localizatons |21| . the equivariant correlators are given by: 

m 

q(F1)q(FLi) 



A7,,„(i5z„;nrij--i) c*(]f?)q(f"_i) f \ 



where fci, . . . , fc„j > such that J^iLi — 9 + P- We will only consider the case of 
m — p > 0. In this case we have m — p> 2 and F? = F° = 0. 

2.2. Manipulations vi^ith Ct^{¥\)ct^{¥l-^). 

Lemma 2.1. The product of the Chern polynomials of¥\ andW^i has the following 
expansion: 

Proof. Recall the Hurwitz-Hodge bundles satisfy an analogue of Mumford's rela- 
tions 131 [3]: 

(12) Ct{W\)c^t{Fl,) = i-lYH'^'+'K 
In particular, 

(13) CrM)Cf^{F-l) = 0, 

(14) c.,_i(Fi)c,,(FLi) = CrA^l)c,,-i(Vl,). 

Now we recall the relationship between Newton polynomials and elementary 
symmetric polynomials (see e.g. [29]). Denote by ei(ui, . . . , u„) the i-th elementary 
symmetric function in wi, . . . , u„ and by 

Pkiui, . . . ,u„) = H h 
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the fc-th Newton symmetric polynomial in ui, . . . , u„. Then one has 

n n oo , 

log^f ei(a;i, . . . ,a;„) = ^log(l + txi) = ^ Pk{xi, . . . ,x„). 



k 

1=0 i=l k=l 

Take derivative in t on both sides: 

Applying this to Ci(F}) and /c!chfc(F}) we get: 

where we have used (fT2|) in the last equality, therefore we have 

(15) A:!chfe(F})== ^ (-iri»c.(Fl)c,(Fii). 

In particular, chfc(Fi[) = for k > ri + fi, and combining with (fH)) we have 

(16) in+n - l)!ch,,+,,_i(Fi) = {-iy--'cr,-ii¥\)c,,i¥l,). 
Therefore, 

q,(F1)q,(FLi) 



□ 



2.3. Computations of Hurwitz-Hodge integrals. By (fTTj) we have for T^™ fc, 
9 + P, 



(-l)'-i-i2i(ri + fi - 1)! /_ ch,,+,,_i(Fi) • n '^f 
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The Hurwitz-Hodge integral on the right-hand side can be computed by the method 
described in [42]. Write [m] = {!,... ,m}. By Tseng's GRR relations for Hurwitz- 
Hodge integrals [57] : 



. m 

/_ ch,,+,,_i(Fi).nv^f 



f! - r 

(n +ri)! yXT,,„+i(ra„;U.e[Hl"°'l'W)/=i ' 



Sri+fi(c(a/)/"-) 



2 ^ ^ (ri+fi)! 

ri+»'i-2 



!=0 -'A1.,i,|/| + i(8Z„;U.eJ'^'''l:I'^'=<^'l),g/ 



1 n / A ri+fi-2 

2Z^ (n + fi)! ^ ^ ^ 

c=0 ^ ^ ' ^' 

iAis-i,„+2(ra„;U.e[„,I'^">],M,I'^-i)je[™] 

where c(a/) = 0, 1, . . . , n — 1, such that c(a/) = — (mod ti). Now by Jarvis- 

Kimura i23i. 



(ri + ri)! 

— 7— ( 1 1 ^fe. +5., (ri +f 1 - 1) ; s 

J — 1 ^ 2—1 

1 ^ ^ri-t-fi (c(a J )/n) 

2gi-|-2-|-|7|>0,2g2-2-(-| J|>0 

ri+fi-2 
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Here as usual, 



where 2g — 2 + k > 0. Because {tui • • • )g = except for ai H \-ak = 3g — 3 + k, 

the summation over I in the third term on the right-hand side can be reduced to 
the case of / = 3^2 — 2 — J2jej(^J ~ Hence, 



p It 

_ ch,,+,,_i(F}).n^,' 

^M„.™,(BZ„;TT...,__,|[w»ill1 



.7 = 1 



m „ . , s m 

— 7— 11 i T-fc. +5., (ri +n - 1) )ff 

j=l ^ ' 1=1 

1 V Br-i+fi {c{ai)/n) ,(k,-i) 

2 ^ (ri+fi)! ^ ^ 

51+92=3,/ U-^=M 
2gi+2+|7|>0,2g2-2+| J|>0 

•(H'^'^i •T3si-2-Eie,(fei-l))si • ('^392-2-E,£j(fei-l) ■ 11'^'=^^ 

iei jeJ 



S2 



Even though the first three terms on the right-hand side look differently, they can 
be written in a uniform way if we use the following conventions: 



(17) (r;)o = 

and 



1, / = -2, 
0, otherwise. 



U-\Y, l = -k-l,k>0, 
(18) {TkTi)o= l{-iy, k = ^l-l,l>0, 

[O, otherwise. 

To simplify the notations further, we introduce for / ]J J = [m] : 
iei jeJ 

= i-i)^^-^"^ E (-i)'Mn^'^.-^3,.-2+i/i-E.,.fc.).i 

91+92=9 iel 
•(IT ■ '^392-2+|J|-i:,gj kj)g2, 

and 

K 

[ n ^fejf-i = E(-i)'< n • • 

ie[m] ;=o ie[m] 

Recall ri + fi = 2^1 — 2 + m — p. Then we have the following: 
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Proposition 2.1. For g > 0: 

„ ft 

/_ ch,,+,-,_i(Fi)-n^ 



kj 

A7g,™(BZ„;L[;£,„,[^''il) ^ 

ly-'i E °(S':;TS:'"rir' -'-'>'-"'n^.in->.). 



E B2g-2+m-p{c/ n) -p-i- i2g-4+m-p 
(2g-2 + m-p)!^ ^"'^^-1 

c=0 ^ ^ -^^ ie[m] 



2.4. Results on [niG[m] '''feilg-i''^™ ^- Recent work of Liu-Xu [IS] contains ex- 
plicit formula for [nie[m] '''fcilg-^*^™^^- We are concerned with the case of m — p > 
2. For m — p = 2, first assume ki > for i = 1, . . . , to, then we are in the situation 
of [HI Theorem 2.1]: 

ie[m] i=0 ie[m] 

(2g-3 + m)! 1 

4^^-1(23- 1)! ■ nr:i(2fc.-i)!!' 

otherwise, by string equation and induction we get: 

m—a 2^—2 7n — a 

i=i i=a 1=1 

(2g-3 + m-a)! nj=i(2g - 4 + to - a + 2j) 

4^^-1(25-1)! n"r(2fc. - 1)!! ' 

where fc^ > for i — 1, . . . , m — a. For m — p > 2, we are in the situation of |281 
Theorem 2.3]: 

iG [m] 

where ki > for i = 1, . . . , m. 

2.5. Results on {Jlig/ ^ki I UjeJ is- ^or p = 0, we have 

Proposition 2.2. for g > and ki, . . . , k„i > such that fci + • • • + k,n = g, and 

IJJ J ~ [to] , the following identities holds: 

(19) lU^kAYi^k^h - ^ 



49 UT ^{'2k, + I)!!' 

Proof. This can be again proved by the recent results of Liu-Xu [28 . Consider the 
normalized n-point function: 

G{xi, . . . ,Xn;X) =expf ^ — j • F(a;i, . . . , a;„; A), 
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where 



g^O di,...,dr^>0 j=l 

^ dj—3g—3-\-n 

oo 



X2 



1=0 



is the n-point function. Denote by C(]^"^-^ P(xi, . . . , a;„)) the coefficient of 
nr=i ^i' ^ polynomial or a formal power series P{xi, . . . , a;„). It is easy to see 
from the definitions that for di, . . . , d„i > 0, rfi + • • • + dm = 3, we have 

m 
1=1 

91+92=9 iel 

iei jeJ 

On the other hand, by [551 Theorem 3.2], for di, . . . ,dn > 0, X^iLi '^i — 'ig — 2 + n—k 
one has 

C{\^H^{[x^\G{z,Xi,...,Xn-.\)) = <^ 1 i._0„_9 , „ 

j = l l4s.llj^,(2rf,+l)!!' /S-^S ^ + 

The proof is completed by applying this to G(z, xj; A) • G{—z, xj; A). □ 
Unfortunately we do not have a closed formula for the p > case. 



2.6. Potential function. Define the genus g equivariant orbifold Gromov-Witten 
potential function by: 

Ff^^-^{{x,,k}o<><n-l,k>o;u) 

^ mm 

m>l 0<ai,...,a^<n— 1 '^■kj=g+p j = l j=l ai>0 

y^ ^- aj=0 (mod n) 

where x^^fc (0<z<rt — 1,A:>0) and Uj (1 < j < ri— 1) are formal variables. We un- 
derstand {xi^k} as linear coordinates on if*j,j,([C^/Z„]). The variables ui, . . . , u„_i 
are referred to as the degree tracking variables. We understand that uq — 1. Then 
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we have by §2.3: 

Ff/^-\{x,^k}o<^<n-l,k>o;u) 



Bri+fAc{I)/n) 



E A E (-ir E ( E 

^ ml ^ ^ ' ^ \ ^ ri+ri 

"'■>l Ej"Liaj=0 (mod«) Y.,k3=9+P I\lJ=[rn'] 



m m 
j=l 1=1 

modulo terms of the form IlJLi ^o.fcj • 

Now we apply the results on intersection numbers in > j2.4l and ' i2.b\ to get the 
following formula for the stationary part of the potential function (setting xq^u — 
for fc > 0): 

Pf ^^"'({a;j,fc}i<i<n-i,fc>o;w) 

V ^ m! ^ ^ > Z-^ ri+fi 

^m>l l<ai,...,a,„<n-l / U ,7=[m] 

Y.'jLi a.j=0 (mod n) 

•(-1)1^1 •- 



B2g{c/n) _l 1 



3. Crepant Resolution Conjecture for Type A Surface Singularities 

IN All Genera 



In this section we perform the change of variables and analytic continuations to 

r(p2 1 

the stationary potential functions Fg ' " . We will compare with results of Maulik 
[30] to establish the CRC in all genera for the stationary potential functions. 



3.1. Modified stationary potential function. To simplify the four-fold summa- 

tion in the expression for the stationary potential function Fg ({a;i.fe}i<,;<,i-i.A;>o; w), 
we will first convert it to a seven-fold summation. 

We first group the terms with c(/) = c to get a constrained summation 

ri-l 

E E> 

c=0 c(/)=c 

we then replace it by an equivalent arbitrary summation "YTc=x) n X^zLo^ Ci^C^^'^^ ■ 
We also replace the constrained summation 

E 

l<ai,...5aTn<n— 1 
E j <^j=^ (mod n) 
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by an equivalent arbitrary summation 



n-l 



n , 

l<ai,.")am^^— 1 0=0 



now we get 

Ff' /^"l({,x,,fe}i<,<„_i,fe>o;u) 



^rn>l l<ai,...,am<n-l 6=0 Ejfej=9^1J''= 
rt— 1 ^ n— 1 jj ( I \ 

1 " \ 

3 j — 1 



43] 

Finally the summation over fcj's is constrained by the condition that J2i = 9- To 
convert to an arbitrary summation we introduce an extra genus tracking variable 
z, and consider the modified stationary potential function: 

p[C^/z„] ({a;,^fc}i<,<„_i^fc>o; u; z) 

1 1 "^^ 



m! — ' n 

m l<ai,...,a,„<Ti— 1 6=0 ki,...,km>0 



n i— r - 2^ - 2 + m ^ ^ 4^^ (2fcj + 1)!! ' 

whose coefficient of z^ is equal to ' " ({a;i,fe}i<,<„_i,fc>o; w), up to some qua- 
dratic terms. 

Now we take care of the seven summations in Fg ' ({a^i,fe}o<i<n-i,fe>o; u; z), 
in a suitable order. First we take the summation X^/jj Because 

m 

we have 

jMcVZn] ({a;i,fc}i<i<„_i,fc>o; u; ^) 

71—1 n—1 ^ 

= (-ir^in^-^EEE;^ E E ^^^^ "^'^^^-"^ 



m! 

6=0 i=0 m l<ai,...,am<n-l ki,...,km>0 



m rn ■ n—1 j-. f I \ 

niAa, _ ^ TT ^aj.fcj^oj^ ' ST^ Ac ^2g-2+m{C/n) 

y'^n ) 11 4fe,./2A;. + 1)!! Z^«" 2o-2 + m ' 

7=1 7=1 \ 3 ' ) c=0 ^ 
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Then we take the summations J2i<ai a„,<ri-i X^fci fcm>o S^^- 
(20) 

pic /^^\{x^ k}Q<i<n-iM>o;u;z) 

n— 1 n— 1 ^ y 

6=0 i = l ni ' ^l<a<n-lfc>0 ^ '" 



Ic . B2g-2+mic/n) 

2q-2 + m 



3.2. Reformulation in terms of the polylogarithm function. In this subsec- 
tion we take care of summations X]c=o^- result will not be used below but it 
may have some independent interest. Recall Hurwitz zeta function is defined by: 

n=0 ' 

It is well-known that 

Bn+i{a) 



(22) (;(-n,a)=-: . 

n -I- 1 

The polylogarithm function is defined by: 

oo „ 

(23) Li,(a:) = ^^. 

n=l 

Lemma 3.1. For < I < n — 1, 

n-l 

(24) 5]e;:'C(5,a/n)=n^.Li,(Ci). 
Proof. 

Sn 



a=0 m=l a=l m=0 ^ ' ' 

oo n-l oo oo 

y r-V +«'E y , X = y ^ = •Li,(e 

(nm)* ^ ^ (nm -I- a)* ^ 

m=l ^ ' a=l m=0 ^ ' 



m—1 

□ 



Combining jSO]), ^ and (|24l) we get: 
Proposition 3.1. For n >2 the following identity holds: 
Fl^'^^"^{{xi^k}i<i<n-i^k>o;u;z) 

(25) =(-i)^^EEE;^( E Ee-e(e-i)-^ll^) 

■n ™ • Li_(2g-3+m)(Ci)- 
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3.3. Change of variables. When G = Z„, the change of variables given by Bryan- 
Graber [8] is: 



91 



Qn-l — £,n, 



k=l 



= - E V2 - 2cos i^^xu = - ^sm— • 



2i 



fcTT 



fc=i 



Here qi, . . . ,qn are degree tracking variables for the minimal resolution of C^/Z„, 
and they have set all the degree tracking variables on [C^/Z„] side to be 1. In the 
above we have considered the degree tracking variables in our partition function, 
so we will take instead: 



, . n-l 



2i . kn J, 
Vj = — Z^sm XkUk. 



n 



Lemma 3.2. For a = 1, 



,71—1 we have 



(26) 

Proof. First notice that 



■I 



2 sin 



n— 1 71—1 ^. n— 1 J . n — 1 , 

E^-i7 V^/-- i;2«v^ . KTI" 2l v-^ . fcTT , ^ ^ , 

Vj = ^ri — V sm C„ a;feUfe = — > sm -1 + nSki)XkUk. 



i=i j=i fc=i 

It is more transparent when written in matrix form: 



Sn 

t-2-2 



l^-(n-l) ,-(n-l)2 



2i 
71 



/77-1 -1 
-1 71-1 

V -1 -1 



-(n-l) 

I 

'2(n-l) 



\ 


( \ 




2/2 


/ 


\yn-i) 



-1\ 



1/ 



/ sin^ • xiui \ 
sin -f • a;2U2 



\sin 



(n— 1)71 



-^n— l^n 



Notice that 



(n-l -1 

-1 77-1 



v -1 -1 



-y 



(2 1 ... 1\ 

1 2 ... 1 



Vl 1 ... 2) 



16 



JIAN ZHOU 



and 



(2 1 . 


•• '\ 




( 








-(n-1) \ 


1 2 • 


■ ■ 1 






f-2-2 






2(n-l) 


\l 1 . 








^-(n-l)2 










1 


sn ^ 


C,n 


-1) 








1 




2-2 _ 2 




-1) 


- 1 






-1 iv^^'-'^'-i 






-J 





Now it is straightforward to get ((26)) . 



3.4. A summation formula. We now take care of the summation 
Lemma 3.3. For < b < n — 1, 1 < I < n — 1, we have 



n-1 

(27) E^«'^2n(C^'-l)Xfc«. 
fc=l 



nyb+i^b+i, b + l<n, 

-nyt+i-n+i^b, b + l>n, 



where for l<s<t<n~l, we define 

ys-,t = ys H \-yt- 

Proof. By 



71—1 n—1 . n—1 

11 11 ^ sm 1 

k=l k=l n j = l 
n-1 



J2K{b,l,j)y,, 
i=i 



where 



n-1 

K{bJ,j) = ^ee2'n(en -l):r-^(C^'-l)- 
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For a e Z, let r„(a) be the integer such that < r„(a) < n and rn(a) = a (mod n). 



n-l 



fe=l ^2n ?2n 

n-1 



;c=i 

n-1 



fe=l c=0 

;-l n-1 ;-l n-1 



c=0 *;=0 c=0 k=0 

l-l l-l 

= -ny^^ScmU-b-i) +ny^Sc,n-b-i- 

c=0 



It is then easy to see that when n — 6— 1>Z— 1, i.e., b + I < n, 
K{b,l,j) = 



-n, b + 1 < j < I + b, 
0, otherwise; 



when n — b— 1<1 — 1, i.e. b + I > n, 
K{b,l,j) 



n, h + I — n + 1 < j < b, 
0, otherwise. 



□ 



3.5. Crepant Resolution Conjecture for type A surface singulctrities in all 
genera. For fc > and 1 < a < n — 1, define 



21^^ . bn 



ya,k = — E '^i^ ■ Cn'^b,kUb- 

n f-^ n 

0=1 

For A; > 0, 1 < s < i < n - 1, define 

i 

ys^t,k = E 

a=s 

Theorem 3.1. Up to polynomial terms of degree <3 in ya,k, the modified potential 
function "'{{xi^k, ■ ■ ■ ,Xn-i,k}k>o;u; z) is equal to 



-iy2tY,d^^-^ E fc-^^^-pfE^/-*,'^^ 

d=l l<s<t<n-l ^ ^fc>0 



(2fc + l)!! 

{-mt E Li3-2Je-^^exp(Ey.^t.. ,, 



l<s<t<n-l ^ ^k>0 

after analytic continuations. 
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Proof. Combining ([20|) with Lemma [3.31 one gets: 

({xi,fc}i<,<„_i,fc>o; w; z) 



m>0 ^0<b<n-l,l<l<n-l fc>0 
b+Kn 



4'^- • {2k + 1)!! 

3+/<n ^ 



^4^ • (2A: + 1)!! 

b+l>n 
^ Ic B2g-2+m{c/n) 



^ (2g - 2 + m) • ml 

l<s<t<n-l ^k>0 



V— 4^-.(2fc + l)!! 



Tl-l 



E<;c(t-s+l) ^2g-2+m(c/w) 
,^0 (25-2 + m)-m!' 

where in the second equaUty we have used: 

(28) B„(l-a;) = (-l)"B„(x). 
On the other hand, for < ^ < n and u < 0, 

Integrating three times: 

(29) u + £ - Lii(ei) = - j:^: E ^^n-i.-, 

d=l c—0 m— 1 



[tne ) (M ^ T- (A ^„ _ \^ ^/c Bm-l[,cln) 

2 ■ Z.^^-Ll2(^J-Lll(^J«--}^e„ 2. 

d=l c=0 m=2 ^ ' 



(30) 



y + E - Li3(ei) - Li2(ei)" - ^ Lii(ei)^^ 

d=l 

Ti-1 °° n / / ^ 
(^_2) -m! 

c=0 m=3 



Also, by differentiating 2(7 — 3 (for 5 > 1) times: 

(2g - 2 + m) • m! ' 



00 n — 1 CX2 f I \ 

(31) ^ d2<,-3 = - E E .^H94±!!ii£A^„2s-3+™^m 



ci=l c=0 m=0 
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Therefore up to polynomial terms of degree < 3, Pjj" ({x, fc}i<i<„_i fc>o; u; z) 
is equal to 



l<s<t<ra-l ^ ^fc>0 ^ ' 

after analytic continuations. This completes the proof. □ 
Hence by taking the coefficient of we get: 

Theorem 3.2. Up to polynomial terms of degree < 3 m ya.k, the stationary po- 

tential function Fg " {{xi,k}i<i<n-i,k>o'T'>^) of the equivariant orhifold Gromov- 
Witten invariants of [C^/Z„] is equal to 

d=l l<s<t<n-l 52fe>o '=™fe=ff ''^O 

a/ter analytic continuations, where ys-,t,k — J2li=sya,k- 

Denote by tt : C^/Z„ C^/Z„ the minimal resolution of C^/Z„. Let Ei, . . . , 
En-i be the exceptional divisors. Let {gij) — {Ei ■ Ej) be the intersection matrix, 
and let (g*^) be the inverse matrix of {gij). Then {C* = g^^ Ej : i = 1, . . . , n — 1} is 
the dual basis to the basis Ei, . . . , En-i- By [20], for each nontrivial representation 
Vi of Z„ on which ^„ acts as multiplication by e^'^'^/^/", there is a holomorphic line 
bundle Li on C^/Z„ whose first Chern class is C\ One can use virtual localization 

to define the Gromov-Witten invariants of C^/Z^. By [321 Theorem 1.1], for curve 
classes of the form (3 = d{Ea + + • • • + i?b), l<a<6<n— 1, and consider 
integers a < Zi, ...,?„< 6 and fci, . . . , A:™ > such that fci + ■ • ■ + fc^ = g, 

m m 

{UnAC^'&'' = (-l)-2.c^^-'^^-n 4M2fc+l)!! - 

i— 1 i— 1 V 4 y 

Other correlators vanish. Therefore, the instanton part of stationary partition 
function of C^/Z^ is 

n— 1 m m 

E EE (n-^(^'o>rr.'^n^'.^-^ 

/3e/^2(C2/^r^;^)-{0} Er=l ^5 ^ , • • • , ^ m - 1 «-l ^-1 

oo 

= E;iE E E E (-D^std^--™ 

m ■ d^l l<a<b<n-l /ciH \-km^9 a<h,...,lm<b 



m -j^ b m 

n 4^.(2fc,+i)!! -ngMi^'.^^. 



. , - '(2^, + 1).. . 



mfe!4'=™fe • \(2k + l)!!!'"'' 

d=l l<a<b<n-li=a ^k>gkmk=gk>0 ' -I 
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Hence we have established the Crepant Resolution Conjecture in all genera for type 
A resolutions for the stationary part of the partition functions, because one now 
only has to take qt = e^^^v^/". 



4. Crepant Resolution Conjecture for [C^/Z„] x C 

In this section we establish a version of the Crepant Resolution Conjecture for 
[C^/Z„] X C in all genera. 



4.1. The equivariant Gromov-Witten invariants of [C^/Z„] x C. 



4.1.1. The circle actions on [C^/Z„] x C. Fix an integer a € Z, consider the fol- 
lowing circle action C"^: 

(32) e'' ■ {zu Z2, zs) = (e^^^i, e-'(«+i)^02, e'^zs). 

This action commutes with the following Z„-action: 

■ {Zl,Z2,Za) = • • ^2,^3)- 

Hence we get an induced circle action on the orbifold [C^/Z„] x C. Note both the 
circle action and the Z„-action preserve the holomorphic volume form dz\t\dz2f\dzs 
on C^. 



4.1.2. Definition of the equivariant Gromov-Witten invariants. As in the [C^/Z„] 
case, one can define the Gromov-Witten invariants of [C^/Z„] x C cquivariantly 
using the above circle actions and virtual localizations. It is straightforward to see 
that the equivariant correlators are given by 

j=l •^A1a,,„(BZ„;[w''il,...,[a;-™l) ^ 

where Fq is the vector bundle whose fiber at a twisted stable map / : S — > BZ„ is 
if^(S, f*Vo), where Vq is the trivial representation of Z„. 



Lemma 4.1. One has 

Ct(Fo)Cat(Fi)c_(,+i)i(F_i) 

(BZ„;Iu;»il,...,Iu;»m]) 

= (_l)E,a./n-l(25_3 + m)! / Ag,o-ch2g_3+„(Fi), 

J>lg,^(BZ„;Iw»i],...,Iw»m]) 

where Xj^ = (— l)-'Cj(Fo). 
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Proof. By (fTTI) we have 
1 



, ,_ Ct(Fo)Cat(Fi)c_(,+ i)t(F_i) 

t JA1g,™(£5Z„;I^»il,...,I^»™l) 



1 



^ •/7Wg,„(8Z„;Ia;»i],...,[i^<'™l) 



(t3 + i»-lci(Fo) + --- + Cg(Fo)) 

•((at)^i + (at)-i-ici(Fi) + • • • + c,,(Fi) 

•([-(a + l)tp + [-{a + l)tp-^c^{¥^^) + ■■■+ c,,(F_i)) 

= 7 / (t^' + if-ici(Fo) + --- + C3(Fo)) 

r JA1g,„(6Z„;I^»ll,...,I^»™l) 

•(-t)(-l)(3-i+5:.-'/")-i((25 - 3 + m)! ch2<,-3+™(Fi) + • • • ) 
= (-l)2:.«./"-i(25-3 + m)! / A<,,o-ch2g-3+m(Fi). 

□ 

Proposition 4.1. For m > 2 anii <? > 0, we /lawe 

/_ Ag,0 ch2g-3+m (Fi ) 

JA^<,,,„(BZ„;[c^''i1,...,[w»™1) 
(33) „_l m „_l I I \ 



w/iere 

,2g-2 _ ^/^ 



(34) fc,- 5] EM'' = E^''L ^9^/^? 

91+92=9 9>0 g>0 "'^s,i 



sin(A/2) 

Proof. By Tseng's GRR relations for Hurwitz-Hodge integrals [37] : 

Ag,o ch2g_3+m(Fi) 

Mg,„(eZ,.;[a;»il,...,[a;»".]) 

-B2g-2+m /" , 72g-2+m 



/r, o I ™M / '^9,oV'm+l 

- ^ + mj! JA1g,™ + i(BZ„;[u;"il....,Ic^<'-l,Ill) 



,^2g-2+m(c(a/)/n) 



2 ^ (2g-2 + m)! 

91+92=9 



l+fi-2 



ri+fi-2 

Here the prime sign in the summation ^/ jj in the third term on the right- 

91+92=9 

hand side means the following stability conditions are satisfied: 
251-1 + 1/1 >0, 2g2-l + |J|>0. 
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Our convention is that Ao,o = 1- Now we use the morphism 

ieJ 

that forgets the orbifold structure. Because Ag^^o = ^*-^gn V'X] ii+i ~ 'i'*^!] ji+i 
and (fi is of degree n^^i"^, we have for 2g2 — 2 + | J| > 0: 



_ ^ Ag^^oV'lJl + l 



For 2(72 — 2 + I J| < 0, we have used the conventions p?|) and p8)) to understand 
the following two cases: 

Ul-2, .g2-O,J = 0, 

Therefore, one finds 

Ag,ochri+fi-i(Fi) 

A1.,,,„(8Z„;[aj»ll,...,[^»™l) 

2" 2^ 2^ ^ (2g-2 + m)! ^''^'^ 

/U J 91+92=3 ^ ^ ^ 



/ -^yj| ^2g-2+m(c(aj)/n) 
2'" (2g-2 + m)! 

n — 1 m n— 1 / / \ 

.;c^2g-2+m(c/w) 



(2g-2 + TO)! 

Z=0 i=l c=Q ^ ^ ' 



□ 



4.2. Crepant Resolution Conjecture for [€? /'Lj-i\ x C. Define the instanton 
part of genus g equivariant orbifold Gromov-Witten potential function by: 

^ m m 

= E;^ E (n-o(ei..i)>r^"i--n' 



Define 



ml 

m>l l<ai,...,a^<n— 1 j — 1 j — 1 

aj=0 (mod n) 



g>0 
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Theorem 4.1. Up to polynomial terms of degree < 3 m ui, . . . ,Un-i, we have 
where 



n-l 



^-^ n ^-^ V n 

a=s k=l 



Proof. By Lemma |4~T] and Proposition [4711 we have 

^ ^ n—1 m 

"^^1 l<ai ,. . .,a^<n— 1 I — I i—1 

EI^i 0,^=0 (mod n) 

^ ,c-S2ff-2+m(c/'T-) 



25 - 2 + TO 

n — 1 n—1 n — 1 m 



2 " ^ m! 

m>l ai,...,am = l 6=0 i=l i=l 



./c -B2g_2+m(c/n) 



= r"'-''^^^^ E Ee"'''"^--"'En[«n"-iKJ 

ri-l 

•Ee 

c=0 

^-^^-%EEEi( E e2„e(eL"-iK 



2(7 - 2 + TO 
c=0 ^ 



^" ' 2o - 2 + TO ■ 

c=0 ^ 



By Lemma 13731 

- e 



a 

m>l ^0<b<n-l,l<(<(i-l 
b+l<n 



n-l 



.(c B2g-2+m(c/n) 



+ ^ ( - nz;,+,_„+i^6)" j • E (25 - 2 + TO) . m! 

b+l>n 

- h "S^ n29-3+m „m V^\cc(t-s+l) -B2g-2+m (c/n) 

~ 2^ ^s^t 2^^n (2g-2 + m)-TO!' 

m>l l<s<t<n-l c=0 ^ ^ ' 

Therefore, by (|29p . (|30p . (|3ip . up to polynomials terms of degree < 3, the potential 
function pf' ''^"^^"'(ui, . . . , is equal to 



d=l l<s<t<r!-l 

after analytic continuations. The proof is completed by (p4| . □ 



24 



JIAN ZHOU 



The potential function of 'C^ /"L.,-, x C can be defined and computed also by virtual 
localization. For j3 — diEi + • • • + c?„_ii?„_i ^ 0, 

(i)ST"^"=/_ ^ 1- 

J7Wg,o(CVZ„xC;/3)5,"-' 

Introduce degree tracking variable Qi, . . . , Qn-i- We define 

where for /? = d^E^ + ■■■+ d„_i£;„_i, Q^* ^ gdi . . . grf.^-^i_ Ogg^g 

where A is the genus tracking variable. 
Theorem 4.2. We have 

(36) F^Vi;xC(^.Q^ ^ E ^b^'. ■ LmoV 

Proof. The circle action (|32|) induces a circle action on C^/Z^ x C, with fixed points 
pi, . . . The tangents weights at pi are {na + i— l)t, —{na + i)t, and i. By virtual 
localization one encounters two-partition Hodge integrals which have been studied 
in [39l [27| . By the method of [40] , we get the following expression for the potential 
function: 



where /i" = /i" = 0, q = e^^^^. See notations see [40]. One can rewrite this as in 
[4T] by Schur calculus. Indeed, we have |39j : 

(37) W^Aq) = (-l)l''l+l''lg(''-+'''')/2 ^ s^/.iq-P) ■ s^/.iq-"), 



where q ^ — {q^^^, • ■ • )• Hence 
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Therefore, by [HI Lemma 3.1], 

OO 6 

= log n n(i-nQ^-9'^'"') 

l<a<b<n—lij—l k—a 

°" rr'' nd °° 

l<a<b<n-ld=l m=l 

°° U'' nd nd 

^ d (1 - q'^Y 
l<a<b<n-l d=l ^ ^ ' 



□ 



By combining the above two Theorems, we get 
Theorem 4.3. t/p to 'polynomial terms of degree < 3 m ui, . . . ,m„_i, we have 
(38) F^cV^.]^c^X; u,,..., «„_i) = FCVi:.xC(^. ^ ^ ^ ^ 

after analytic continuation, where 



Qj = Cne"' , = V W 2 - 2 cos —S^i^uk. 

n ^-^ V n 
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